The present paper investigates numerical simulation of fluid flow and heat transfer through a rotating curved square channel of curvature ratios ranging from 0.001 to 0.5. Crank-Nicolson and Adams-Bashforth methods together with the function expansion and the collocation methods are applied to obtain the numerical solution. The bottom wall of the channel is heated while cooling from the ceiling. The channel is rotated in the positive direction for the Taylor number 0 2000 Tr  and combined effects of the centrifugal, Coriolis and buoyancy forces are investigated. As a result, two branches of asymmetric steady solutions comprising with two-to multi-vortex solutions are obtained. Linear stability analysis shows that the flow is stable only for a small region 164.82 601.62 Tr  while unstable otherwise. In the unstable region, time-dependent solutions are obtained and flow transitions are well determined by obtaining power spectrum density of the solutions and it is found that the timedependent flow undergoes through various flow instabilities, if
INTRODUCTION
Fluid flow through curved ducts and channels has been extensively studied over a wide range of applications with a key base of heat transfer and mixing enhancement. Such motivation has provided a fairly comprehensive knowledge of physics and numerical modeling addressing intrinsic vortexstructure promoting mixing and momentum transfer. Today, the flows in curved non-circular ducts are of increasing importance in micro-fluidics, where lithographic methods typically produce channels of square or rectangular crosssection. These channels are extensively used in many engineering applications, such as in turbo-machinery, refrigeration, air conditioning systems, heat exchangers, rocket engine, internal combustion engines and in modern gas turbines. In a curved channel, it is strongly anticipated that centrifugal forces are originated in the flow due to curvature causing an opposite directional rotating vortex motion acted on the axial flow through the duct that generates the properties of spiraling fluid flow in the curved passage known as secondary flow. At a convinced precise flow condition and beyond, an additional pair of counter-rotating vortices develops at the outer concave wall of the curved channel which is widely known as Dean vortices [1] . After that, many theoretical and experimental studies have been conducted by considering this flow in mind, here the articles by Berger et al. [2] , Nandakumar and Masliyah [3] , Zhang et al. [4] , Yanase et al. [5] and Mondal et al. [6] may be referenced.
Considering the non-linear nature of the Navier-Stokes equation, the existence of multiple solutions does not come as a surprise. The solution structure of fully developed flow is commonly present in a bifurcation diagram which consists of a number of lines or branches connecting different possible solutions. These branches can bifurcate and show multiple solutions in limit points. Cheng et al. [7] and Shantini and Nandakumar [8] studied flow characteristics in a curved square channel while Finlay and Nandakumar [9] , Thangam and Hur [10] and Yanase et al. [5] for a rectangular curved channel. Selmi et al. [11] and Dennis and Ng [12] both analyzed the effects of rotation and flexure on the bifurcation feature of two-dimensional (2D) fluid flow through a rotating curved square-shaped duct. However, a complete bifurcation study of 2D flow through a curved square duct was conducted by Winters [13] . He determined that the isolated symmetric 4cell sub-branch is unstable while the isolated 2-cell sub-branch is stable. The location of limit point and bifurcation points does not change much for curvature ratios less than 0.02, but at higher curvature ratios, they move to large Dn numbers. Yanase et al. [5] carried out a comprehensive bifurcation study of laminar flow through a curved rectangular duct over a wide range of aspect ratio. They obtained many steady solutions and established a principle that may select realizable one among them. Mondal et al. [6] performed spectral numerical study on fully developed bifurcation structure and stability of 2D flow through a curved square duct and found a close relationship between the unsteady solutions and the bifurcation diagram of steady solutions. Four types of steady solution structures for non-isothermal flows have been also traced out by Hasan et al. [14] .
Chandratilleke [15] formulated an improved simulation model based on three-dimensional (3D) vortex structures for describing secondary flow and its thermal characteristics. Wu et al. [16] performed numerical study of the secondary flow characteristics in a curved square duct by using the spectral method, where three walls of the duct, except the outer wall, rotate around the centre of curvature and an azimuthal pressure gradient was imposed. In that study, multiple solutions with two-, four-, eight-vortex and even non-symmetric vortices were obtained at the same flow condition. Very recently, Li et al. [17] studied Dean instability and secondary flow in 120° curved rectangular ducts with continuously varying curvature. In that study, a new criterion based on vortex-core velocities was proposed to more accurately detect the onset of multiple Dean vortices.
Unsteady solution of fully developed curved channel flows was first studied by Yanase and Nishiyama [18] . In that study, they investigated unsteady solutions for the case where dual solutions exist. Unsteady behavior of the flow in a curved rectangular channel of large aspect ratio was investigated, in detail, by Yanase et al. [5] numerically. They performed timeevolution calculations of the flow with and without symmetry condition and showed that periodic oscillations appear with symmetry condition while aperiodic time variation without symmetry condition. Wang and Yang [19] conducted numerical as well as empirical exploration of periodic oscillations for the fully developed flow in a curved square duct. Flow visualization in the range of Dean numbers from 50 to 500 was conducted in their experiment. They showed, both experimentally and numerically, that a temporal oscillation takes place between symmetric/asymmetric 2-cell and 4-cell flows when there are no stable steady solutions. Mondal et al. [20] also have tried to show the flow variation in the unsteady solutions through curved square duct for both positive and negative rotation. They have also narrated the heat transfer effects due to the positive rotation. The nature of secondary flow in a curved square duct was performed by using flow visualization method by Yamamoto et al. [21] experimentally. Liu and Wang [22] performed bifurcation and stability of fully-developed forced convection in a tightly curved rectangular duct. They showed that as the Dean number increases, finite random disturbances lead the flows from a stable steady state to another stable steady state, a periodic oscillation, an intermittent oscillation, another periodic oscillation and a chaotic oscillation. Mondal et al. [23] applied spectral method to study non-isothermal flow through a curved rectangular duct of aspect ratios 1 to 3, and showed that the steady-state flow turns into chaotic flow through various flow instabilities if the aspect ratio is increased. Recently, a combined experimental and numerical study was conducted by Li et al. [24] to better understand the 3-D flow development in 120° curved rectangular ducts with continuously varying curvature. Three different types of curvatures and three different aspect ratios were studied to analyze the development of axial velocity in the horizontal mid-plane and secondary flow patterns at various cross-sections along the ducts. However, bifurcation structure of the steady solutions as well as transient behavior of the unsteady solution with the effects curvature on time-dependent solutions is not yet resolved for the non-isothermal flow through a curved square channel with bottom wall heating and cooling from the ceiling, which motivated the present study to fill up this gap.
The noteworthy inflictions of curved channel flow are to increase the thermal exchange between two walls because it is evident that the Dean vortices contribute to transport energy and then increases heat flux in the fluid. Chandratilleke and Nursubyakto [25] applied computer simulations to illustrate the flow properties through the curved ducts of aspect ratios ranging from 1 to 8 that were heated on the outer wall, where they analyzed for small pressure gradient and made a comparison between the numerical and experimental investigations. Norouzi et al. [26] carried out the inertial and creeping flow of a second-grade fluid with convective heat transfer in a square-shaped curved channel by applying finite difference scheme. The effect of centrifugal force on account of the curvature of the outlet and the protesting effects of the first two normal stress variety on the flow region were examined in that paper. Chandratilleke et al. [15] showed a code-based study to identify the secondary vortex movement of fluid flow and heat conduction procedure in the curved rectangular channels of different aspect ratios. The investigation made an advanced numerical plan based on 3-D vortex formations for illustrating secondary flow and its thermal properties. Recently, Razavi et al. [27] used control volume method to analyze the flow characteristics. Very recently, using second order finite difference method, Zhang et al. [28] performed unsteady mixed convective heat transfer between a square enclosure and an inner concentric circular cylinder maintained at different temperatures. To the best of the authors' knowledge, however, there have not yet been done any robust research studying the time-dependent flow behavior with combined effects on buoyancy-induced centrifugal-Coriolis instability through a rotating curved channel in action with strong rotational speed. But from the scientific as well as engineering point of view it is quite important to analyze such type of flow as it is often encountered in engineering applications such as in rotating machinery, gas turbines, heat exchangers and metallic industry.
Examining the unique features of secondary flow and heat transfer, the main objective of the present study is to confer the solution structure of the steady solutions and to explore timedependent activities with vortex-structure of secondary flows through a rotating curved square channel whose bottom wall is heated while cooling from the ceiling. Studying the effects of rotation on the steady and unsteady flow uniqueness, caused by combined action of the centrifugal, Coriolis and buoyancy forces, is an important objective of the present study.
GOVERNING EQUATIONS
Consider a hydro-dynamically and thermally fully developed two-dimensional (2D) flow of viscous incompressible fluid through a curved square channel, whose height or width is 2d . The coordinate system with relevant notation is shown in Figure 1 , where '
x and ' y axes are taken to be in the horizontal and vertical directions respectively, and ' z is the axial direction. It is assumed that the bottom wall of the channel is heated while cooling from the ceiling. The temperature of the bottom wall is 0 TT + and that of the top wall 0 TT − , where 0 T . It is also assumed that the flow is uniform in the ' z direction and it is driven by a constant pressure gradient G along the centre-line of the channel. Then, the continuity, Navier-Stokes and energy equations, in terms of dimensional variables, are expressed as: 
Energy equation: 22 1 , 22
where, '' r L x =+ , and ' u , ' v and ' w are the dimensional velocity components in the '
x , ' y and ' z directions respectively and these velocities are zero at the wall. Here, ' P is the dimensional pressure, ' T is the dimensional temperature and ' t is the dimensional time. In the above formulations, , , ,     and g are the density, the viscosity, the coefficient of thermal expansion, the coefficient of thermal diffusivity and the gravitational acceleration, respectively. Thus in Eqns. (1) to (5) 
Since the flow field is uniform in the z -direction, the sectional stream function  is introduced as 
The non-dimensional parameters Dn , the Dean number;
Gr , the Grashof number; Tr , the Taylor number and Pr , the Prandtl number, which emerge in eqns. (7) to (9) are defined as:
The stiff boundary conditions for w and  are used as
and the temperature T is assumed to be constant on the walls as ( ) ( ) ( )
There is a group of solutions which satisfy the following symmetry condition with respect to the horizontal plan 0.
The solution which satisfies condition (13) is called a symmetric solution, and that does not an asymmetric solution.
In the present study,
Gr and Pr are fixed as 1000 Dn = , 100 Gr = and Pr 7 = (water).
NUMERICAL CALCULATIONS

Method of numerical calculation
The present study is based on numerical simulation and in order to attain numerical solution spectral method is used. By this method the variables are expanded in the series of functions consisting of Chebychev polynomials. The expansion functions () n x  and () n x  are articulated as
where, (17) which is solved simultaneously with equation (18) (19) To solve the steady solution, time-derivative terms are set to zero and the expansion series (15) with coefficients , mn mn w  and , mn T being time independent, is substituted into the basic Equations (7), (8) and (9) . Finally, in order to calculate the trembling solutions, the Crank-Nicolson and Adams-Bashforth methods together with the function expansion (15) and the collocation methods are applied to equations (7) -(9).
Numerical accuracy
The accuracy of the numerical calculations is investigated for the truncation numbers M and N used in this study. For good accuracy of the solutions, N is chosen equal to M . Table 1 shows that 20 M = and 20 N =
give sufficient accuracy of the present numerical solutions. 
Flux through the channel
In the present study, the dimensional total flux ' Q through the channel in the rotating coordinate system is expressed by
where, dimensionless total flux Q is defined as,
The mean axial velocity ' w is calculated by
In this paper, Q is used to designate the steady solution branches and to pursue the time evolution of the tremulous solutions.
RESULTS AND DISCUSSION
Steady solution
In this study, we first investigate solution structure of the steady solutions for curvature 0.001
 =
and discuss the pattern distinction of secondary flows on various branches of steady solutions and then summarize the solutions for other curvatures. After an extensive appraisal over the parametric ranges, two branches of steady solutions are achieved for 1000 Dn = and 1000 Gr = over 0 Tr 2000  . A bifurcation diagram of steady solutions is shown in Figure 2 for 0.001  = using Q , the representative quantity of the flow state. The two steady solution branches are named the first steady solution branch (1 st branch, red solid line) and the second steady solution branch (2 nd branch, blue solid line), respectively. The solution branches are obtained by the path continuation technique with various initial guesses and are distinguished by the nature and number of secondary vortices appearing in the cross-section of the channel. It is found that the branches are independent and there exists no bifurcating connection between the two branches. Figure 3 shows streamlines and isotherms for various values of Tr . In the following, the two branches of steady solutions and flow patterns on respective branches are discussed in brief. As seen in Figure 5 , the 1 st branch consists of asymmetric two-vortex solution. It is found that the streamlines of the secondary flow consist of two opposite vortices; one is an outward flow (anticlockwise direction) shown by solid line and the other inward flow (clockwise direction) shown by dotted lines. The flow is accelerated due to combined action of the centrifugal, Coriolis and buoyancy forces; centrifugal force is created due to the motion through a curved channel, Coriolis force due to the rotation of the channel around the vertical axis while buoyancy forces because of the thermal gradient. 
As seen in Figure 7 , the branch is composed of two-to eight-vortex solution. It is found that as soon as the branch turns at a point, the number of secondary vortices increases, for example, two-vortex solution turns into four-vortex; four-vortex into six-vortex and finally six-vortex into eight-vortex solution. In this study, temperature profiles show that the streamlines of the temperature distribution are uniformly distributed to all parts of the contour transferring heat from outer wall to the fluid, and the contribution of the rotation and pressure on secondary flows significantly change and increase the number of secondary vortices. It is clearly evident that heating the bottom wall causes the temperature contours to become asymmetrical in comparison to isothermal cases. This essentially arises from the interaction between the heating-induced buoyancy force and the centrifugal force that drives secondary vortices. In this regard, it should be noted that the centrifugal force due to the channel curvature creates two effects; one is a positive radial fluid pressure field in the duct cross-section and induces a lateral fluid motion driven from inner wall towards the outer wall. This lateral fluid motion occurs against the radial pressure field generated by the centrifugal effect and is superimposed on the axial flow to create the secondary vortex flow structure. As the flow through the channel is increased, the lateral fluid motion becomes stronger and the radial pressure field is intensified. In the vicinity of the outer wall, the combined action of adverse radial pressure field and viscous effects slows down the lateral fluid motion and forms an inactive flow region. Beyond a certain critical value of Dn, the radial pressure gradient becomes sufficiently strong to reverse the flow direction of the lateral fluid flow. A weak local flow re-circulation is then established creating an additional pair of vortices in the stagnant region near the outer wall. This flow condition is known as Dean's hydrodynamic instability while the vortices are termed as Dean vortices. 
Linear stability analysis
In this study, linear stability of the steady solutions is investigated against only 2D perturbations (z-independent). For this purpose, the eigenvalue problem is solved by application of the function expansion method together with collocation method to the linearized equations for the perturbation of ( ) Table 2 , where linearly stable solutions are shown with bold. Linear stability region is shown with solid thick line in Figure 8 . 
 =
We investigate time-dependent solutions for the curvatures ranging from 0.001 to 0.5 but here we show the detailed unsteady results for 0.001
only and then summarize the complete solutions at the end of this section. In order to examine non-linear behavior of the unsteady solutions, we performed time history of Q for 0 Tr = at 0.001  = as shown in Figure 9 (a) in the tQ − plane. It is found that the time-dependent flow at 0 Tr = is a multiperiodic oscillation. To well justify the multi-periodic flow more evidently, we obtained power spectrum density of the time-evolution result as shown in Figure 9 (b) in the Frequency vs. Power Spectrum Density plane. Figure 9(b) shows that not only the line spectrum of the fundamental frequency and its harmonics but other line spectrum and their harmonics are seen with small amplitudes, which shows that the oscillation presented in Figure 9 (a) is multi-periodic. To monitor vortexstructure and temperature distribution, we obtain streamlines of axial flow and secondary flow and isotherm as shown in Figure 10 for 0 Tr = . It is found that secondary flow is an asymmetric two-to four-vortex solution. It is also found that the maximum axial velocity is gathered near the outer wall of the channel. 19.65 t  Then we inspect time history for 250 Tr = and 500 as shown in Figure 11 (a) . It is found that the time-dependent flow for 250 Tr = and 500 is a steady-state solution which is consistent with the linear stability results presented in Section 4.2, where we obtained that the flow is steady-stable for 164.82 601.62 Tr  . Since the flow is steady-state, a single contour of each of the axial flow, secondary flow and temperature profile is shown in Figure 11 (b) for 250 Tr = and 500 . It is found that steady-state flow is an asymmetric two-vortex solution. We then performed time-history of Q for 750 Tr = as shown in Figure 12 (a) and it is found that the time-dependent flow for 750 Tr = is a time-periodic flow. In order to see the flow evolution more precisely we also obtain power spectrum density of the time change of Q as shown in Figure 12 (b), which shows that only the line spectrum of the fundamental frequency and its harmonics are seen which pointed out that the flow is time periodic for Tr = 750. Streamlines and isotherms 750 Tr = are shown in Figure 13 for one period of oscillation at 33.05 33.55 t  , and it is found that the periodic flow oscillates between asymmetric two-vortex solution. The transition from steady-state to periodic oscillation takes place between 500 Tr = and 750 Tr = . In fact, the periodic oscillation, which is observed in the present study, is a traveling wave solution advancing in the downstream direction which was well-justified by Mees et al. [30] and Wang and Yang [19] and in the recent investigation by Yanase et al. [31] for three-dimensional travelling wave solutions as an appearance of 2D periodic oscillation. respectively, and it is found that continuous line spectrum with different frequencies are available for these cases, which shows that the flow is chaotic for 1000 Tr = and 1250 Tr = . This type of flow evolution is termed as weak chaos [6] . To detect the change of the irregular oscillations, typical contours of streamlines and isotherms for 1000 Tr = and 1250 Tr = are shown in Figures 15 and 17 respectively and it is found that the chaotic flow at 1000 Tr = and 1250 Tr = oscillates between asymmetric two-vortex solutions. Tr is increased further, for example 1500 Tr = , we see that the flow development changes and it becomes multiperiodic. By the time history analysis we obtained multiperiodic solution for 1500 Tr = as shown in Figure 18 (a) . To observe the multi-periodic oscillation more clearly, we calculated power spectrum density of the time change of Q as shown in Figure 18 (b), which shows that not only the line spectrum of the fundamental frequency and its harmonics but other line spectrum of smaller frequencies and their harmonics are seen, which indicates that the flow presented in Figure  18 (a) is multi-periodic. Then with a view to observing the configuration of axial and secondary vortices along with temperature distributions for the multi-periodic oscillation at 1500 Tr = , typical contour of the streamlines and isotherms are shown in Figure 19 for 1500 Tr = and it is found that the time-dependent solution at 1500 Tr = oscillates between twoto three-vortex solutions. From Figures 13 and 14 , it is clear that the transition from chaotic state to multi-periodic oscillation occurs between 1200 Tr = and 1500 Tr = respectively. This type of flow oscillation is termed as strong chaos [6] . Thus illustration the power spectrum of the solutions is found to be very fruitful to well justify the flow distinctiveness as well as identifying the transition of the time-dependent solutions from one state to another. respectively, and it is found that the time-dependent solutions oscillate erratically in the two-to six-vortex solutions. These vortices are produced due to combined action of the centrifugal, Coriolis and buoyancy forces. In this study, it is found that the number of secondary vortices increases for the chaotic solution, which occurs at large Tr's compared to that of the steady-state or periodic solutions at small Tr , and consequently it is suggested that chaotic solutions enhance heat transfer more effectively than the steady-state or periodic solutions. In this regard, it should be noted that, the occurrence of the chaotic state, as presented in the present study, is related to the destabilization of the periodic or quasi-periodic solutions which reminds us the case of Lorenz attractor [32] . It may be promising that the transition in the present study is caused by a similar mechanism as that of Ruelle-Takens scenario [33] in the laminar flow. In this study, it is very interesting to notice that the flow is symmetrically distributed and the vortices are formed very close to the wall and rests of the streamlines are not affected by the Dean vortices. It is observed that the number of secondary vortices increase (sixto eight-vortex solution) for chaotic flow which occurs at large 
only steady-state solution is observed. It is, therefore, evident that as curvature is increased, the oscillating behavior in the rotating curved channel is decreased and the flow ceases to be steady-state. 
respectively. It is found that the number of secondary vortices decreases as
Tr increases. In this study, it has been found that for the unsteady case dual solutions (two-vortex solution) exist for the steady-state solution, two-to four-vortex for the periodic solution while two-to six-vortex for the chaotic solution. Therefore, it is recommended that chaotic solutions intensify heat transfer more effectively than the periodic or steady-state solution; this is because many secondary vortices are produced at the outer concave wall for the chaotic solution.
In this regard, it should be noted that very recently, Razavi et al. [27] employed control volume method to investigate flow characteristics, heat transfer and entropy generation in a rotating curved duct. The effects of Dean number, wall heat flux and force ratio on the entropy generation were presented in that paper. However, solution structure of steady solutions as well as complete behavior of the unsteady solutions with flow transition is still absent in literature for rotating curved duct flows; which has been described in the present paper very clearly. Furthermore, hydrodynamic instability and vortex generation, which is presented in the present paper, gives a clear view about the convective heat transfer in a curved duct via periodic, multi-periodic and chaotic flows. As of now, a reliable technique for Dean instability is not known in literature for such flows. The present study also shows that there is a strong interaction between the heating-induced buoyancy force and the centrifugal-Coriolis instability in the curved channel that stimulates fluid mixing and thus results in thermal enhancement in the flow, because heated fluid is transported into the bulk fluid by the secondary vortices; this process is preciously demonstrated by the temperature contours as shown in the present study. 
Convective heat transfer
In order to investigate convective heat transfer from the heated wall to the fluid, we calculate temperature gradients at the cooling (bottom) and heated (top) walls. As seen in Figure  26 Here, we will discuss the validity of our numerical results with the experimental studies conducted by some authors. By using visualization method, Yamamoto et al. [21] performed experimental investigations of the flow through a rotating curved square duct of curvature  = 0.03, where three of the duct walls, except the outer wall, rotate around the center of curvature at a constant rotational speed for positive rotation (Tr =150) of the duct walls. In the present study, however, we investigate flow characteristics for rotating the whole system (not the three walls only), and to show the validity of the present study we use the same curvature and Tr as Yamamoto et al. [21] used. Figures 27 (a) , (b), (c) and (d) show comparative study of the experimental vs. numerical results for the rotating curved square channel flow at different values of Dn for the rotational parameter, Tr = 150. As seen in Figure  27 , our numerical results have a good agreement with the experimental investigations obtained by Yamamoto et al. [21] .
CONCLUSION
In this paper, a spectral-based numerical study is presented for fluid flow and heat transfer through a rotating curved square channel of curvature 0.001 0.5   over a wide range of positive rotation of the channel for 0 2000 Tr  for constant Dean number 100 Dn = . The bottom wall of the channel is heated while cooling from the ceiling. After an extensive survey over the range of the parameters, two branches of asymmetric steady solutions are obtained for with no bifurcating relationship between the branches. Linear stability analysis shows that only the second branch is linearly stable for 601.62 164.82 Tr  and unstable otherwise. In the unstable region, time-history analysis as well as power spectrum density show that the flow undergoes through various flow instabilities in the scenario "multi-periodic → steady-state → periodic → chaotic → multi-periodic → chaotic", if Tr is increased in the positive direction. Typical contours of streamlines and isotherms are obtained at a number of values of Tr, and it is found that there exist two-to eightvortex for the steady-state solution, two-to four-vortex for the periodic or multi-periodic solution while two-to eight-vortex for the chaotic solution. It is observed that the number of secondary vortices increases as the flow becomes chaotic propagating multi-vortex solutions at the outer concave wall and consequently it is disclosed that chaotic solutions enhance heat transfer more effectively than the steady-state or periodic solutions. It is also concluded that the temperature contour is coherent with the secondary vortices, and secondary flows play an effective role in transferring heat from the heated bottom wall to the fluid. The results clearly show the existence of multiple Dean vortices along the duct and both axial velocity and wall pressure is greatly influenced by the Dean vortices. The present investigation also shows that there is a strong interaction between the heating-induced buoyancy force and the centrifugal-Coriolis instability in the rotating curved channel that stimulates fluid mixing and therefore increases heat transfer in the fluid. Finally, our numerical results are compared with the experimental investigations, and it is found that there is a good agreement between the numerical and experimental investigations.
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